The low-frequency magneto-optical properties of bilayer Bernal graphene are studied by the tight-binding model with four most important interlayer interactions taken into account. Since the main features of the wave functions are well depicted, the Landau levels can be divided into two groups based on the characteristics of the wave functions. These Landau levels lead to four categories of absorption peaks in the optical absorption spectra. Such absorption peaks own complex optical selection rules and these rules can be reasonably explained by the characteristics of the wave functions. In addition, twin-peak structures, regular frequency-dependent absorption rates and complex field-dependent frequencies are also obtained in this work. The main features of the absorption peaks are very different from those in monolayer graphene and have their origin in the interlayer interactions.
and thermal decomposition, 3, 4 they have attracted considerable experimental and theoretical research because of their exotic physical properties resulting from the hexagonal structure. Monolayer graphene (MG) and bilayer Bernal graphene (BBG; AB-stacked bilayer graphene), two of the simplest few-layer graphenes, display very different electronic structures. MG exhibits isotropic linear bands near the Fermi level E F = 0; these bands become gradually anisotropic parabolic bands as the energy exceeds the region of ±0.5
eV. 5 In BBG, the linear bands change into two pairs of parabolic bands due to the present interlayer interactions and stacking configurations. 6−14 Each pair is comprised of the occupied valence and unoccupied conduction bands, which are asymmetric about E F . 6, 9 The conduction and valence bands of the first pair slightly overlap about E F , while those of the second pair rise at the energies 12 0.34 eV (≃ γ 1 + γ 6 ) and -0.39 eV (≃ −γ 1 + γ 6 ), respectively, where γ s 's 8,10,15−17 (s=1, 3, 4 and 6) are four important interlayer interactions in BBG. The unusual electronic structures of MG and BBG have been experimentally verified through angular-resolved photoemission spectroscopy. 18, 19 The main features of the zero-field energy bands, e.g., the broken linear dispersions in MG and the two groups of asymmetric electronic states in BBG, should be reflected in the features of the Landau levels (LLs) resulting from the magnetic fields.
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In the presence of a uniform perpendicular magnetic field B = B 0ẑ , the zero-field en- of the nth energy band respectively. However, TB indicates that the special relation will be broken as the energy exceeds the region of ±0.5 eV since the linear dispersions become gradually parabolic as energy exceeds this region. 29 As for the optical-absorption spectra, the low-frequency absorption peaks possess the selection rule |△n| = |n c − n v | = 1 and their frequency is proportional to √ B 0 , 30 which has been confirmed by magneto-transmission measurements.
25,31,32
For BBG, EM takes the LL structures of MG and uses them in the BBG calculations.
Interlayer interactions are regarded as perturbations (EM considers only one or two interlayer interactions). Based on EM calculations, the first theoretical study 13 In the initial stage of our works in studying the magneto-electronic properties, only eigenvalues and eigenvectors at strong magnetic field strength were obtained 37 because the Hamiltonian matrix is quite large, e.g., the matrix is about 31600×31600 for MG at 10 T.
Through the band-like-matrix strategy 12,38−42 designed by our group, the eigenvalues and the wave functions at weak fields (∼1 T) are thus clearly depicted. 12 However, the calculation of optical properties is more complex and time-consuming than that of the electronic properties since detailed calculations for a huge velocity matrix and reliable characterization of the wave functions are necessary for the TB-based optical-absorption spectra. In this work, the localized features of the wave functions are utilized to effectively reduce the computation time, and thus the optical absorption spectra can be solved. AA-stacked bilayer graphene (AABG) and BBG and between EM and TB are also made.
RESULTS AND DISCUSSION
The dispersionless LLs of BBG at B 0 = 40 T are shown in Figure 1a Through appropriate fitting, the wave functions of the n 1 th 1st LL (black curves) and n 2 th 2nd LL (red curves) can be expressed as
is the product of the nth-order Hermite polynomial and Gaussian function,
12,29,40
where n is the number of zero points of ϕ n (x) and chosen to define the quantum number of a LL.
12 That is to say, there are four quantum numbers in each LL since a LL wave function is made up of four magnetic TB functions. Thus an effective quantum number, n ef f , defined by one of these four quantum numbers is necessary to identify each LL.
The effective quantum number of a LL in each group is assigned by the number of zero points in one of the four magnetic TB functions, with the largest amplitude among these four TB functions at the onset energy of each group. Accordingly, n When BBG is subjected to an electromagnetic field at zero temperature, only excitations from the occupied to the unoccupied bands occur. Based on Fermi's golden rule, the optical-absorption function is given by
where E is the unit vector of an electric polarization. Γ (=1 meV) is a broadening parameter and often affected by temperature and defect effects. If a purer sample is manufactured and observed its physical properties under a sufficiently low temperature, Γ will be small enough for observing important fine structures. 
The first, second, and third term in eq 4 correspond to the three hopping integrals γ 0 , The low-frequency optical-absorption spectra of BBG regarding four different magnetic field strength are shown in Figures 2a-2d , respectively. The absorption spectrum of MG is also shown in Figure 2e . In Figure 2a , the absorption spectrum of BBG at B 0 = 40 T presents prominent and inconspicuous (indicated by the black arrows) peaks. The prominent peaks with definite optical selection rules are discussed in detail in the following paragraphs. The peaks can mainly be classified into four categories of peaks, ω 11 's (black dots also shown in a recent experiment conducted to study the magneto-absorption spectra. 45 In short, the optical selection rules of ω 11 's and ω 22 's can be represented by △n 11 = △n 22 = ±1, which is the same as the LLs in MG.
As for the intergroup transitions, twin-peak structures are also obtained in ω 12 's and Obviously, the optical selection rules of ω 12 's and ω 21 's are different from those of ω 11 's and ω 22 's, a fact which is not clearly discussed in the previous theoretical works.
The optical selection rules can be explained from two different aspects, i.e., the effective quantum numbers and the numbers of zero points between the initial and final states.
Both aspects are based on the premise that the velocity matrix is derived from the dipole transition. The product of the conduction and valence wave functions in eq 4 would not only determine the allowed excitation channel, but also enable us to estimate the absorption rate. This means that the dissimilarities in selection rules of the four categories mainly result from the characteristics of the wave functions. In eq 4, M In addition to the optical selection rules, the peak intensity and absorption frequency are also discussed in this work. The absorption rate significantly relies on the field strength and the excitation energy. In Figures 2a-2d , the peak intensity is increased with enlarging field strength, while the opposite is true for the peak number. The peak intensity under a fixed magnetic field strength is determined by the product of two wave functions with respect to the two nearest-neighbor atoms. The wave functions of 1st LLs ( So far the values of these atomic interactions have not been well defined. Figure 4a is the optical-absorption spectrum calculated with the parameters used in our work. TB is widely applied to tackle physical problems of semiconductors and carbon-related systems. Through the strategy developed by our group, the complex Hamiltonian matrix can be solved. The eigenvalues and wave functions are clearly depicted in this calculation, and thus can be used to interpret the results in optical properties. Since TB calculations simultaneously include the magnetic field and the important interlayer interactions, such results are more reliable and accurate over a much wider frequency range. Besides, TB can conceivably be expanded to investigate other layered-graphene systems (multilayer graphenes and bulk graphite) and other physical properties (electronic excitations and transport properties).
SUMMARY AND CONCLUSIONS
In summary, it can be said that the interlayer interactions play very important roles in 
